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2The vacuum expectation value (VEV), 
0








diag(2; 2; 2; 3; 3) (8)























In Refs. [1, 2, 3] it was found that there are several
domain wall solutions in this model but a solution with











diag(2; 3; 3; 2; 2) (10)
Two features of 
+
are worthy of note. First, there is a





parts of the vacuum manifold. The second feature is that
two blocks of entries of 
+
are permuted with respect to
those of 
 





by a non-trivial gauge rotation. Furthermore, the kink
solution (or, domain wall solution, in more than one di-
mension) can be written down explicitly in the case when














where  = m=
p
2. For other values of the coupling con-
stants, the solution has been found numerically [1].














are the asymptotic values of the Higgs
eld to the right (R) and left (L) of the kink. (The rescal-
ing has been done for convenience.) Then the charge of
the kink in eq. (11) is:
Q
(1)
= diag( 4; 1; 1; 1; 1) (13)
Similarly, one can construct kinks with charge matrices
Q
(i)
(i = 1; :::; 5) which have  4 as the ii entry and
+1 in the remaining diagonal entries. Hence there are
kink solutions with 5 dierent topological charge matri-
ces. Individually, the kinks can be gauge rotated into
one another. But when two kinks are present, the dier-
ent charges are physically relevant. This is most easily
seen by noting that the interaction between a kink with
charge Q
(i)


















) =  20 if i = j
= +5 if i 6= j (14)
The sign of the trace tells us if the force between the kink
and antikink is attractive (minus) or repulsive (plus).
Hence the force between a kink and an antikink with dif-
ferent orientations (i 6= j) is repulsive. This observation
is key to the construction of kink lattices.
In Ref. [4], the repulsive potential between a kink and
an antikink at rest was derived. When the kink and












To construct a kink lattice, we now need to arrange a
periodic sequence of kink charges such that the nearest
neighbor interactions are repulsive. Kinks that are not
nearest neighbors but are further apart will also inter-
act, and perhaps even attract each other. However the
forces between kinks and antikinks fall o exponentially
fast and just taking nearest-neighbor interactions into
account should be suÆcient, at least for lattice spacing
larger than the kink width. So now we can write down a

















and the sequence just repeats itself. Alternately, we could
have a nite lattice if the kinks were in a compact space,
such as a compact higher dimension, or the S
1
that arises
in evaluating the partition function in statistical mechan-
ics.
The sequence listed above is the minimum sequence
for which the nearest neighbor interactions are repulsive.
The repeating length of 6 kinks is independent of N in
SU (N ) since it is clear that we need at least, and no
more than, 3 dierent kinds of kink charges.
Another way to write the kink sequence is to write it
as a sequence of Higgs eld expectation values. We write
this sequence for the above minimal lattice:
::: ! +(2; 2; 2; 3; 3)! (2; 3; 3; 2; 2)
! +( 3; 2; 2; 3; 2)! (2; 3; 2; 2; 3)
! +(2; 2; 3; 3; 2)! ( 3; 3; 2; 2; 2)
! +(2; 2; 2; 3; 3)! ::: (17)
We have constructed the solution for the minimal kink
lattice numerically on a space with periodic boundary
conditions. In Fig. 1 we show the total energy of the
minimal lattice as a function of lattice spacing.
The minimal lattice of 6 kinks is easily generalized to
longer sequences. A sequence of 10 kinks in the N = 5




























Similarly one can construct sequences in the general N
case.
We have also numerically studied the dynamics of the
lattice by giving one of the kinks an initial velocity. We
nd that the kink scatters elastically on the neighboring






interkink separation / kink width
FIG. 1: The energy of the minimal lattice versus lattice spac-
ing for h= =  3=20,  = 0:5 and  = 1.
N         S S         N N         S S         N
FIG. 2: A linear row of bar magnets placed North to North
and South to South has an instability towards rotations in
the transverse directions as shown.
Indeed, lattices of masses interacting via exponentially
decaying repulsive forces (see eq. (15)) have been stud-
ied in the literature and are known as Toda lattices [9].
Hence the kink lattice is a Toda lattice.
We now discuss the stability of the lattice. A detailed
stability analysis shows that the lattice in eq. (16) has
three unstable modes, corresponding to rotations in the
1-3, 1-5, 3-5 blocks. To clarify the instability, we draw
an analogy between the kink lattice and a lattice of bar
magnets (Fig. 2). Each bar magnet on its own has a zero
mode that corresponds to rotations in three dimensional
space. When placed in the lattice shown in Fig. 2, ro-
tational zero modes turn into unstable modes. Similarly,
an isolated kink has zero modes corresponding to rota-
tions in gauge space { for example, a kink with charge
Q
1
can be rotated into the kink with charge Q
3
without
any cost in energy. When a kink of charge Q
1
is placed




, the zero mode becomes an





after which the kink and antikink can annihilate.
This understanding of the instability also suggests a
resolution: if the rotational zero modes are suÆciently
suppressed or absent, the lattice will become stable. To
suppress the rotational zero modes, we could break the
symmetry further so that the kink is no longer invariant
under rotations. We can also consider a case where the
zero modes are completely absent right from the start.
We will discuss this latter case as it is simpler to deal
with and provides an explicit example of a eld theory
with stable kink lattices.














































































































This model has been obtained by truncating the eld 










of SU (3) (see eq. (6)) in the Gell-Man basis, f
3
cor-
responds to the diagonal generator 
3
of SU (2), and f
4
corresponds to the generator of U (1). Now our four eld
model does not have the continuous SU (5) symmetry of
the model in eq. (1). The only remnant of the SU (5)
symmetry corresponds to the permutation of the ve di-
agonal entries of . In addition, the model also has the
Z
2










A vacuum of the model is given by f
1












corresponding to permutations of  in the SU (3) and
SU (2) blocks. The vacuum manifold consists of 5! 
2=3! 2! = 20 discrete points. If we x the vacua at x =
 1, this implies that there are 20 kink solutions in the
model. All these 20 kink solutions have been described
in Ref. [3].
The construction of kink lattices proceeds exactly as
in the SU (5) case above because the o-diagonal compo-





tains kink lattice solutions. Furthermore, these lattices
are stable because the dangerous rotational perturbations
are absent by the very construction of the model.
The occurrence of stable kink lattices with net vanish-
ing topological charge implies that there are metastable
states in the eld theory. Generally metastable states
are present in eld theories due to features in the po-
tential. Here, however, the metastable states are non-
perturbative features of the model.
The existence of domain wall lattices is of interest in
the context of phase transitions. What is the probabil-
ity that a domain wall lattice will form during a phase
transition? The answer depends on the complicated dy-
namics of a domain wall network in three spatial dimen-




FIG. 3: The distribution of Higgs expectation values in three
domains can lead to a wall junction [5]. In the SU(5) model,
the dashed line is a non-topological wall [3]. In the S
5
model
the dashed line denotes a topological wall but without Z
2
charge.
the kind shown in Fig. 3 [5] and dierent walls can have
dierent tensions. A simpler situation to consider is the
formation in one spatial dimension for the S
5
model. We
rst note that the kinks with charge given in eq. (13)
(and permutations thereof) are the lightest kinks in the
system having Z
2
topology. Other kinks will decay into
these kinks upon evolution. So we can restrict our at-
tention to a sequence of kinks with charges given in eq.
(13) and permutations. Now let us assume that we have
a kink with charge Q
1













(see eq. (17)). Of these only the
rst is unsuitable for a lattice and has a probability 1/3.
Therefore if the phase transition produces 2n kinks, then
the probability of having exactly 2j kinks that annihilate
and 2n 2j survive to form a lattice is derived by nding
the number of ways of choosing the j annihilating pairs
and n  j surviving pairs and multiplying by the proba-
bility of annihilation (1/3) and survival (2/3). The result








. Summing this expression from j = 0
to n   3 gives the total probability for obtaining a lat-
tice provided we have 2n kinks. The sum can easily be
evaluated. The interesting limit is when 2n is large. In
that case, the probability tends to unity. Hence a kink
lattice is certain to form if there are a large number of
kinks. Further, the number of kinks is large if a large
number of correlation domains are produced during the
phase transition.
It would be interesting to test these ideas in a labora-
tory systems in which a kink lattice can exist. Periodic
boundary conditions could be achieved if a toroidal sam-
ple were to undergo a phase transition.
Finally we mention the implications of a domain wall
lattice produced during a cosmological phase transition.




and the wall lattice resides in
the (small) compact dimension, there will be an eec-
tive cosmological constant in the R
4
due to invariance
under Lorentz boosts of the wall Ref. [10, 11]. The eec-
tive cosmological constant may be time dependent if the
coupling constant  were to run with energy scale, or to
depend on the dynamics of the spacetime, or on another
eld. Yet another source of time dependence can come
via the number of walls in the lattice since the wall lattice
is not protected by topology or any conserved number.
So the number of walls in the lattice can cascade down
and eventually become zero. The diÆculty with this cos-
mological scenario is that the extra compact dimension
will not be static and will lead to an eective Newton's
gravitational constant that is time dependent. Since the
metric of the system is not yet known, it is not possible
to say if the time variation can be slow enough for the
scenario to be viable.
In conclusion, we have shown that stable lattices of
domain walls can exist in a wide class of eld theories.
These are exotic metastable states in which the system
can get trapped with high probability during a phase
transition.
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